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The figures in the margin indicate
Jull marks for the questions.

1. Answer any ten : 1%x10=10

(@) The set Z of integers under ordinary
addition and multiplication is a

commutative ring with unity 1. What
are the units of Z?

(b) What is the trivial subring of R?

Contd.



() What are the elements of Zy[i] ?

(d) Give the definition of zero divisor.

(e)

Gi '
V€ an example of a commutative ring

without zerg divisors that is not an
integral domain.

What is the characteristic of an integral
domain ?

(g9 Why is the i 2
€ Idea (x +l> not prime in

Zy [x] ?

(R) Find all maximal ideals in Zg

() s the mapping from Zs to Z3 given b
y

X— 6x i -
6x is a ring homomol‘phiSm 5
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If ¢ is an isomorphism from a ring R
onto a ring S, then ¢! is an
isomorphism from S onto R.

Write True or False.

Is the ring 2z isomorphic to the ring

7P

Let f(x)=x>+2x+4 and g(x)=3x+2
is zs [x]. Determine the quotient and

remainder upon dividing f (x) by g(x).

Why is the polynomial

3x> +15x* =20x> +10x + 20

irreducible over Q?

Give the definition of Euclidean domain.

State the second isomorphism theorem

for rings.

Contd.




2.  Answer g
ny five .
Jive . 2x5=10
(@ Define pi
fing. What i i
TS g B IS the unity of a
yhomial ring z[,) 4
(b) Pro ;
V€ that N a ring R ( =ab
for aJ] A, bepR : —a)(—b)*a
(¢)  Prove
th
at set § of all matrices of the
form [ 5 OJ
i .0 b| With g gnqg b, forms a
~Trin
Matriceg h:w-the ring R of all 2 x2
e N8 elements a5 integers.
' Rbe g o
Infinite Orzer;.lng With unity 1. If 1 has
Characterisﬁ u? €I addition, then the
:hundeI- ad itff; Ris 0. 1f 1 has order
Aacterigy;,, n}?t.hen prove that the
i
(e) Let g
2/42,__
= (0}
( by +4z)+(34-4z) and ’ |
2)( +4z)
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(flaset R={{ab z}a,beZ} and let ¢ be

a b

the mapping defined as \:b a] —>a-b.

Show that ¢ is a homomorphism.

(g) Let f(x)=4x3+2x2+x+3 and
g(x)=3x4+3x3+3x2+x+4

where f(x), g(x)e Zs [x].
Compute f(x)+g(x) and f(x) g(x).

(h) Prove that in an integral domain, every
prime is an irreducible.

Answer any four : 5x4=20

(@) Define a sub-ring. Prove that a non-
empty subset S of a ring R is a sub-
ring if S is closed under subtraction
and multiplication, that is if a— b and
ab are in S whenever a and b are in S.

1+4=5
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(b) Prove : :
that the ring of Cilinsion intesers (g) Consider the rnng

e
[ +:bla,beZ] is an integral | s:{{i Zla,bez}. Show that

domain,
4:C—S is given by

(@) LetRp
€ac ;
and let 4 b:mm}ltatlve ring with unity ( i) = aNDIR '
that R/A i an ideal of R. Then prove glaivbr)=il o B (faSea e
s
IRAR I tategral domain if and isomorphism
(h) Prove that zlil= {a +bila,beZ }, the

(d) If p;
IS an inte
ral ;
e Dlx] is ; : domain, then prove ring of Gaussian integers is an
an inte ral i : .
“ gral domain. Euclidean domain.
) " If R;
18 COmm ! i
that ¢ (R) is Etahvg ring then prove 4. Answer any four : 10x4=40
. Omm =
is an ; utative, where ¢
1som0rphi8m T 3 (a) () Prove that the set of all continuous
() 1t the p ' real-valued functions of a real
N8 R hag a unity 1, S = {O} variable whose graphs pass
< through the point (ERO)ss1s

that 41) ; a commutative rir}g withoujt un.ity
) is the Unity under the operation of pointwise

of S. 2 addition and multiplication

[thatiy is;y, athe operations

and 4. p
=S is onto, then prove

() Let

f(JC) €Z
g0 then[XI. T F(x) is reducible (f+9)(@)=f(a)+gla) and
over Z. prOVe that it 1S reducjble (f" g) (a): f(a) g(a) 6
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(i) Pr i
“Tove that if o ring has a unity, it
IS Unique gpq ,

if a ring element

has :
an | :
fIverse, it is unique. 4

oIﬁL{M@,

Q[‘EJ is a field,

a,be Q. Prove that

2+1+7=10

c !
() {l} PI'OVe that th

‘ e

coll tersection of any

Ubrings of o ring R
of R.

ection of ¢

18 g SUb__rI'ng
5

ac

Prove that :A be an ideal of R

Maximga). /4 s a fie]g if A is

u

S
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(d) Define factor ring. Let R be a ring and
let A be a subring of R. Prove that the

set of co-sets {r+A|re R} is a ring
under the operation

(s+A)+(t+A)= (s+t)+A and
(s+A)(t+A)=st+A if and only if A is
an ideal of R. 1+5+4=10

(e) (i) Let ¢ be a ring homomorphism
from R to S. Prove that the
mapping from R/ker ¢ to ¢(R),
given by r+kerg—4(r) is an

isomorphism. S

(i) Let R be a ring with unity and the
characteristic of R is n>0.
Prove that R contains a sub-
ring isomorphic to Z, If the
characteristic of R is O, then prove
that R contains a sub-ring
isomorphic to Z. 3+2=5

() Let F be a field and let p(x)eF[x].

Prove that (p(x)) is a maximal ideal in

F[x] if and only if p(x) is irreducible
over'E.
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e e N ot era et ) and N e
g(x)eF[x] with g(x)=0. Prove that
there exists unique polynomials g (x) - (i) Show that the ring
and r(x) in F[x] such that z[v=5 |- {a+b4=5 |abe z}
f(x):g(x)q(x)J,r(x) e is an integral domain but not a

v unique factorization domain. 5
r(x) =0 or degr( )(deg g( ) With the

help of an example verify the division
algorithm for Flx]. 7+3=10

(h) (i) IfFisa field, then prove that F[x]

is a principal ideal domain. S
(i) Let Fbe g field and let p (x), a(x),
bx)eF[x] 1f p(x) is irreducible

SYEtE Blandiip (i |a )b(x), then

Prove that p(x la )orp )lb
)
()

Pro
g ve that every principal ideal domain
& uUnique factorization domain.
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