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MATHEMATICS
( Honours Elective ) A
Answer the Questions from any ome Option.

OPTION - A
{ Boolean Algebra and Automata Theory)
Paper : MAT-HE-6016
Full Marks.: 80.
Time : Three hours

OPTION -B
( Biomathematics )
Paper : MAT-HE-6026
Full Marks : 80
Time : Three hours

OPTION~-C
( Mathematical Modeling )
Paper : MAT-HE-6036
Full Marks : 60
Time : Three hours

OPTION-D
( Hydromechanics )
Paper : MAT-HE-6046
Full Marks : 80
Time : Three hours

The figures in the margin indicate
Jull marks for the questions.
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OPTION-A

(Boolean Algebra and Automata Theory)

1. Answer the following questions :

(@)

(b)

(©

Paper : MAT-HE-6016

1x10=10

A relation < on a set P is called quasi-
order, if

(i) reflexive, transitive and
; antisymmetric

(ii) reflexive and antisymmetric
(iii) transitive and antisymmetric

(iv) None of the above
(Choose the correct answer)

An ordered set P is an antichain if
in P only if ;
(Fill in the blanks)
Let PP be the dual of any ordered set
P. Then

(i) x<y holds in PP if x<y holds in

B,

(i) x<y holds in PP if y< x holds in
B

(i) x<y holds in PP if x=y holds in
P .

(iv) None of the above
(Choose the correct answer)
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(@)
(e)

@)
(i)

(1)
(iti)
(iv)
(h)
(i)
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Define lattice homomorphism.

Let L be a lattice and a,be L. If a<bh,
then

() avb=b,anb=a
() avb=bbutnotasnb=a

(i) anb=abutnotavb=h

(iv) None of the above
(Choose the correct answer)

Define conjunctive normal form.

For all x, y in a Boolean algebra,
(x/\y)' =x'vy and (xvy) = xX'AY
(xAy)' =xX'Ay and (xvy) =x'vy

(xAy) =y and (xvy) =x
None of the above
(Choose the correct answer)

Define Boolean polynomial function.

What is the empty string ?
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() Déﬁne closure properties of regular
languages.

i i s 2x5=10
‘Answer the following questions : :

-of any arbitrary
e that the elementsol a tarhey
& I1::f:?c3i:"1rce satisfy the following inequalities :

@) x,f\(yv z)= (xay)v (xaz)
@) xv(ynrz)<xvy)alevz)

(b) Prove that every chain is a distributive
lattice.

(c) Define NFA.

(d) Define atom. Prove that every atom of
a lattice with zerc is join-irreducible.

(e) Prove that if L and M are regular
languages, then LU M is also a regular
language.

Answer any four questions from the
following : : 5x4=20

(a) (i) Prove that two finite ordered set P
and Q are order-isomorphic if and

only if they can be drawn with
identical diagrams.

(i) Define monomorphism. Let fbe a
monomorphism from the lattice I
into the lattice M. Show that Lis
isomorphic to a sublattice M.

(b) (i) Let C; and G, be the finite chains
{0,1,2} and {0, 1} respectively.
Draw the Hasse diagram of the
product lattice C;x C, x Cs.

(i) Let L be a distributive lattice
with 0 and 1. Prove that if
has a complement a/, then

av(a'Ab)=avb.

(c) (i) State and prove De Morgan’s laws
of a Boolean algebra.

(i) Let f:B, > B, be a Boolean

homomorphism. Then prove the
following :

(1) f0)=0, f@1)=1
(2) For all x,ye B
x<y= flx)< f(y).
(d) Let P.qePB,; p~q and let B be an

arbitrary Boolean algebra. Then, prove
that pg =gg.
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; i d by
Prove that a language L 1s afccepte 0
7 ome DFA if and only if L is accepte
S
by some NFA. -

is a
*  Prove that every regular language 18
i context-free language.

ox i . 10%4=40
4. Answer the following questions

) Let Pand O be finite ordered sets
i aﬁd let f:P—Q be a bijective

map. Then, prove that the
following are equivalent :

(1) f1is an order-isomorphism;

(e ySin PRt Sand only if
f)<fly) in O

(8) x—<y in P if and only if

flx)=<fly) in Q. o
(@ Let P be an ordered set. Then,
prove that
O(P@I)EO(P)@)I and
O(l® P)= @1 0(p) 2

S 6/CBCS]MATHP}UQISH;G 6
3 (Sem-

OR

Let P be a finite ordered set.,
() Show that Q =\ Max Q, for all
Qeo(p)

(i) Establish a one-to-one
correspondence between the
elements of O(P) and antichains
in P

(i) Hence show that for all xe /2

[o(P)|=|o(p\ e+ [o(P\({xu 1 )|

10
(B () S et ey distributive lattice
and let p. 1 be join~irreducible
with p<qgvp. Then, prove that
Psaor p<p, )
(ii)

Prove that generalized distributive
inequality for lattices

n n X
Yn (I_\le XI.J > v Y A x,). -
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prove ’ and st all
ebra of
Boolean alagn algebra Fn J(BB)
Boole into
the Gons fro™ Bn
& _
iv) Find t ; +x3) 1
i (xp +X3) ¥ bz
2 \ X2 ;
1 p c Pﬂ. 1S

at a POlynOmial

smE
prove th i of all pr11n5
(@ 0 jvalent to the ®
u
?r?lplications SR . olications ©
d three prime 1P
in
@ 1+ X'Y'Z
z+XY
Xy + XY
OR
bolic
. Determine the Syn:he circ
(ii) resentation of
rep
given by

Sem-6/CBCS| MAT HE 1/2/3/4/¢ - 9

- (iv) Design a switching circuit that
enables you to operate one lamp
in a room from four different
switches in that room. =

(d) () If L, Mand N are any languages,
then prove that -

LMUN)=LMU LN, >

(@S IEE sk g regular language over

alphabet =, then T - g+ ~L is also

a regular language. A RS
OR

(i) Consider the CFG K defined by
productions

S = aSbS|bSaS| ¢

Prove that L(K) is the set of a]l
strings with an equal number of
a@’s and b’s. 5

@) Let G=(v, T, P, S) be a CFG, and
Suppose that there is g derivation

*
A o W, where wis in T*, Then,

prove that the recursive inference
procedure applied to G determines

that w is in the language of
variable A. S

e
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(g) Write the condition that a first order

; partial derivative of a system is locally
OPTION-B asymptotically stable.

(Biomathematics )
Paper : MAT-HE-6026 | | (h) Write the condition that the equilibrium
dx
: A %1 0=10 ot i i
1. Answer the following questions : 1x1 X ol f(x) is hyperbolic.

o)
. s system - ! ; « :
(@) What is an autonomous sy () Write the three population classes in

(b) The zero equilibrium / positive w Kermack'MCKendrick skl
ilibr 1 t a desire
equﬂﬂ?rmr.n . 'then ni () Define a characteristic polynomial for
state in biological system. g

e .
(Choose the correct anst second order equation.

4 Ous
(c) Write a difference between contintt

G 2. Answer the following questions : 2x5=10
growth and discrete growth.
:neal! (@) Define a difference e uation of order k.
(d) Give an example of nor-llflr;enc ) *
autonomous second order difi€ (b) State Frobenius theorem.
equation. B :
o riteri? (c) Distinguish between local stability and
(e) Write oneuse of Routh-Hurwitz € global stability.
() Equilibria are also known as - (d) Consider the linear differentia] equation
(a) steady state 3 2
: G + 4d—)-c— + ax +ax =0
(b) fixed points dr3 T
(c) critical points Show-that its solution approaches zero.
(d) All of the above st

ar
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cqcs) MAT HE 123G 10

3 (Gem-6/




3.

' ; atio
(&) For the linear differential €%

dx ; iyen by
at - % the matrix A is 8

SieEo) - 9
A_(z 3)- Find the eigenvalu

e

Ans
Wer any Jour questions : by

. ot
(@ The difference equation is eV

G RCCHE () 2 its
Find itg ch tion &
aracterict ua
SOthions_ cterlstlc eq :
{
2 eCtO
4 i;nd e Clgenyvalyes and elgcﬂv
i A whep
S
Qg 3 10
Then : ti0
S fln olu
% d the general S
(©  Fig ffer®
nd i ;
2 Al the €quilibria for the 7 Y
Mation ) &

t+1 = ax, exp (‘
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(d)

(e)
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Consider the differential equation
x"(t)-4x"(t)=0

d’x

where x"=EQ- and so on.

Find its characteristic equation and its-
roots or eigenvalues and verify that the
solutions are linearly independent or
not.

A mathematical model for the growth
of a population is

N2 Y

dt 1+x4 X f(x)-' JC(O)... 0
where x is the population density. Find
the equilibria and determine their
stability.

Suppose an SIS epidemic model with
disease-related deaths and a growing
population satisfies

%:N(bHCN)-aI, b,c,a>0
(A

(i} Find the differential equations
satisfied by the proportions

i(t)= —EE)— and s(t)zm

N(t) N(t)
Then find the basic reproduction
number.
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e
() Do the dynamics of N(t) 'dll:nfir
with disease? Is it possib

N(f)—0 ? Note that m(V)=CHN

e %zN(b—CN—Qi)-

4. Answer the following questions : 10%*47"

i 5 non-
(a) Find the general solution to theuatio 4
homogeneous linear difference €q

Xiyg + X =6x, =5
Or

: by
& . n
Suppose the Leslie matrix is giV€

: 2 3
03(1 3a
D) 2)
1
L=|— 0 0 |,a>0
2
1
0 = 0
B

(i) Find the characteristic eq‘r':
eigenvalues and 'mheref ;
reproduction number Ro ©

t BY
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ot
at ¢
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() Show that L is primitive.
(i) Find the stable age distribution.

" (b) The following epidemic model is referred

to as an SIS epidemic model. Infected
individuals recover but do not become

immune. They become immediately
Susceptible again.

St =S, £l IS, +(}’+b) I,
N
Ly =1, (1‘}’—b)+§ IS,

Assume that 0<B<LO0<b+y<1

Sp +Iy =N and So, Iy >0

() Show that Sl =Vy
foraii=HINo NN

(i) Show that there exist two
€quilibria and they are both non-

245

negative if Rol= -
Y

Or
Discuss a predator-prey model with g
Suitable example by finding its

equilibria, local stability and global
stability.
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61 W1l
State briefly a measles mod
vaccination.

Or

Show that the solution to the
pharmacokinetics model is

() == e )

—at bt

Lt o ae
Y (t):g'*m—m ;
08 ol
(d) For the following differential Cq;l : 1;-1’12
find the equilibria, then gl”f;asehﬂf
Phaseline diagram. Use the pb'ﬂitY %
diagram {q determine the st?
equilibrivym

dx e,
T <a-x)(x-bp,0<¢

Or acK'

) 2 Kefrﬂ

Discusg briefly about simple
CKendﬁC epidemic‘ modﬁl.

e R
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OPTION-C
( Mathematical Modeling )
Paper : MAT-HE-6036

Answer the following questions : 1x7=7
(@) Write Legendre’s equation of order n.

(b) When does a bower series converge if
f be the radius of convergence and

O<p<aw?
(c) Write the value of E34

(d) Find the Laplace transform of F(t)=1.

(e) Monte Carlo simulation is a
probabilistic/logistic model.
(Choose the correct answer)

() The linear congruence method was
introduced by

(Fill in the blank)

Contd.




‘PIuoy - 61 9/v/efe/1aH v (soap/9-wmag) ¢

‘Pomiaw xordurrs oty

Jo sdays 1U2IaJIp Jnoge Aja11q AUM  (9)

0= fi(g— i7x)+,fix<,g+“fi Xt

uonenbs oyy sajog (p)

e e o
a (-we)ggg  (er4]

1B} moyg
"1o393ur aanisod ' ST W ey ssoddng (o)

0= ﬁ(ax = 1) —A(x+T)xe+ A(x +7) xg
uonenbs

°0} JO SUONN[OS $91I3S SNIUIGOI,]

olqIssod oyy ur sjusuodxa oy puld  (q)

o

o=hg+ A

uonenbs a1} aajog  (p)

ST=€xS : 3uImoroy
°U3} jo suornsenb aauyz Aup Iamsuy

Ju®

8T 9/vefgly ay gy (5080

¢ sutmuressoad Teaur| ur
soduit SISAPUR Aamisuss st fyy  (p)
\ L

‘uonenuIs
oy PIUON JO sadeyueape omy NI (9)
ol

: (g—-s)s

e Ot

o LIOJSUED) soejder ssivaun oy pury (q)
}

XX =1+ | yemy moyg (v)

5T . suonsonb Jurmoro oy} Iomsuy
8—:-

(Jamsun 1024400 3y} 2so0y))
OWVYNAQ (Y
NYINIS (1)
sscis (m) -
ssdd ()

¢ 93ensue|

9
QoNE[NUIS [949] YSIY & J0U ST 2U0 YOIUM (b)

9 —UIQS] €

K¢




4., Answer the following : 10%x3=30
(@) Solve the initial value problem
y()=% y)=-1
Or

Find the Frobenius series solutions of

xyrr+2y!+xy:0

(b) Using Monte Carlo simulation, vxlrrite 'arl
algorithm to calculate an approximation
to m by considering the number of

random points selected inside the
quarter circle.
0:x2+y° =1, x20,y20
where the quarter circle is taken
to be inside the square
S:0<x<land0<y<l.

Or

Solve the equation y"+y=0-

method.
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) Write briefly about middle squ®™

Or

A small harbor has unloading facilities
for ships. Only one ship can be
unloaded at any time. The unloading
time required for a ship depends on:
the type and amount of cargo and
varies from 45 to 90 minutes.

Below is given a situation with 5 ships :

-

Ship 1 | Ship 2 | Ship 3 | Ship 4 | Ship 5
Time between successive ships : 30 19 20 25 120
(in minutes)
Unloading time 40 3 60 45 75

(i) Dra_w_ the time line diagram
deplctlng clearly the situation for
each ship, the idle time for the
harbor and the waiting time.

(ii) Lisft the waiting time for all the
ships and find the average waiting
time.

3 (Sem- :
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. (h) Equation of continuity by Euler’s
OPTION-D ' method is
(Hydromechanics) o ,
Paper : MAT-HE-6046 O Tk
=10
1. Answer the following questions : 1x10 1. op .
‘ () el Y a0
- n
(@ What happens when there is 2
increase of pressure at any point © a (iii) 2}?-“V‘(Pd)= 0
liquid at rest under given exterly ot
fi ? >
orces % (iv) None of the above
(Choose the correct opti
(b) State Charles’ Jay. i
() Streamlines and pathlines become the
() What is interng] energy ?

same when the motion is

(@)

Define adiabatic expansion.

of () Velocity potential ¢ satisfies which of

Give ap example of .gq)plicatioIl the following equations ?

; : ife. :
atmospheric pressure in daily b (i)  Bernoulli

0 Define ideal flyuig (i) Cauchy
- : f
0
' W (i) Laplace
(9) Potentiay oy Gy TR flo
AN Invige; A, ) (iv) None of the above
*6id or perfect flow- . thé o (Choose the correct option)
(Fill

3[Sem~6/CBCSi MAT HE 1/2/3/4/¢ 23 Contd.
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(b) A quadrant of a circle is just immersed

i | : : i 5510 vertically with one edge in the surface,
. swer the following questions | in a liquid, the density of which varies
qua ‘ as the depth. Determine the centre of

(@ Show that the surfaces of &
. Pressure are intersected ortho
by the lines of force.

gon pally pressure (C.P.).

(c) A box is filled with a heavy gas at a

1c6
(b) Define field of force and line of %0 uniform temperature. Prove that if g is
With examples the altitude of the highest point above
a5 8t the lowest and p and p" are the
© 1t Poand p be the densities of 2 a theﬂ pressures at these two points, the ratio
0° and ¢° Centigrade respectl"ey L0 t) of the pressure to the density at any
establish fhe' relation 0o = p(l point is equal to
ag
Whickeits L 1 T s
= — og
273 i P/p
i i
d ISh between the S (d) 1f w is the area of cross-section of g
Pathlineg af‘d stream filament, prove that the equation

of continuity is

u ati()nal 7 3
i W 5 (ﬂw)+gs— (pwg)=0
Ansy o

€T the fOllong que stionst . (& ny ,Q where §s is an element of arc of the
fpﬂt' filament in the direction of flow and g

(Cl) ion -011 :

Im:erm e the necessary gy adit i ﬂ;@y is the speed.
rna.lnfe‘s X, Y, Z so that the 5/CBCS) MaT g s 25 Contd.
e quilibrum.
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(b) A hemispherical bowl is filled with water
and two vertical planes are drawn

() Dete_rmmehthe aclcel.eraté(i)sr;r?bution s | through its central radius, cutting off
particle w enﬁ velocity - 3 ,_ a semi-lune of the surface. If 2a be the
a= E(szyt)Jr j (Bygzt)ﬂc (Czt ) , 3 angle between the planes, prove that

where A, B, C are constants. Also find

'; the angle which the resultant pressure
the velocity components. ‘

on the surface makes with the vertical

() The velocity field at a point in fluid i | LnE (sina J
given by d:(x/t,y, 0). Obtain the€ 5 a
pathlines. . R
A gaseous atmosphere in equilibrium

4. Answer the following questions : 10%x4=40 _
: is such that p=kp” =RpT where

iquid
(@ ionrtr;?r?esc'i _Of- hom{)geneous };quriﬂ v p, p, T are the pressure, density and
In a vess ifo
e oD temperature and k, y, R are constants.

~ about a vertical axis. Y uire
. You are re€
9 Prove that the temperature decreases

to determine the oint |
pressure at any P .
and the surfaces of equal pressure- upwards at a constant rate a, so

: dT R g e
OR = that ERE In a certain
A mass m of elastic fluid is rotat'lﬂg ! atmosphere of uniform composition
3:$£t.tan axis with uniform ang" ., ' B = where To and f are
1y a), a 1 a | ’
attraction tOWZdelS ac-ted ; Oril;h:l)g is constants and j < a. Find the pres§ure
€qual to y timeg thi I()i?:t?trige 4 b eing and density and show that they both
: . a ’ . ‘
: %It:eater than 2. Prove that the eqUé 0 . : _Tg .
® Surface of equal density p i vanish at height 7
g .2, X 5 (e LK
ul +o 2 )“@2(x2+ 2). ulp-0?) m/gk 3

Y ]-— klog o pz K | [Sem‘B/CBCS} MAT HE 1/2/3/4/6 27 Contd.
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(c)

(@)

3 (Sem-6/CBCS) MAT HE 1/2/3/4/G 28

Derive the equation of continuity in
Cartesian coordinates. Also what

happen, if the fluid is homogeneous
and incompressible.

OR

Derive the equation of continuity by
the Lagrangian method.

The velocity components for a two-

dimensional fluid sSystem can be given
in Eulerian system by

U=2x+2y+3t

t
Whessicasy e
4 2

Find the displacement of a fluid particle
in the Lagrangian system,

OR

Obtain Euler’s equation of motion
of a non-viscous flyiq in the form

_D_q:f;‘__tvp
Dt D

2000




